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Abstract: 
Determination of gravity field from space has been successfully improved during the last two decades by 

launching satellite gravity missions. In this contribution, numerous gravimetric quasi-geoid models are 

determined from ground-truth gravity anomalies of the past (CHAMP, GRACE and GOCE) and future (e.g. 

Bender-type, Cartwheel-type, Helix-type and Pendulum-type) satellite gravity missions combined with ground-

based terrestrial free-air anomalies over a selected zone of the Western Deseret of Egypt between 23N to 27N 

and from 30E to 32 E as a case study. Regarding to the methodology, the fast Fourier transformation (1D-
FFT) method will be implemented. The findings over a selected zone of the Egyptian Western Desert show a 

superiority of the future gravity missions, particularly the Bender-type in modelling the local quasi-geoid 

heights providing the least standard deviations (st. dev.) in terms of residual quasi-geoid heights of about 

32.571 cm w.r.t. the past gravity missions (CHAMP, GRACE and GOCE), which provide st. dev. ranging 

between 32.64 to 36.51 cm. 

Key Words: Past and Future satellite gravity missions; Free-air gravity anomalies; Fast Fourier 

transformation (1D-FFT); Local quasi-geoid determination.  
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I. Introduction 
The recovering the Earth’s gravity field from space has been realized by the launch of the Challenging 

Minisatellite Payload (CHAMP) mission (2000 – 2010) (Reigber, 1989). This mission characterized by a low 

and near-polar orbit of initial altitude of 454 km and inclination of 87, and an on-board accelerometer to 
measure the non-gravitational forces (e.g. air drag and solar radiation pressure). Through the continuous 

tracking of CHAMP satellite from GPS (Global Positioning System) satellites simultaneously, an almost 

uninterrupted determination of the long-wavelength gravitational field could be achieved with a spatial 

resolution of about 133 km representing spherical harmonics (SH) degree and order (d/o) 150/150 (Flechtner et 

al., 2010). Between 2002 and 2017, successful collaboration of the U.S. National Aeronautics and Space 

Administration (NASA) and the German Aerospace Centre (DLR), was conceived (Tapley et al., 2004) to 

launch the dual-satellite mission Gravity Recovery and Climate Experiment (GRACE). Unlike CHAM, the 

principle of GRACE was advanced by combining the high-low SST from GPS satellite with a high precision 

low-low SST system (i.e. between the dual-GRACE satellites) allowing the determination of the Earth’s gravity 

field with a considerably accuracy around 1×1 degree (i.e. ≈111 km) which was higher than that achieved by the 
CHAMP mission. The twin GRACE satellites provided for the first time the gravity field’s temporal variations 

within time intervals of about 30 days. The dedicated satellite mission GOCE (Gravity Field and Steady-State 

Ocean Circulation Explorer) was selected as the first core mission within the Living Planet Earth Observation 

Programme of the Earopean Space Agency (ESA, 1999). It was successfully launched between 2009 and 2013 

with a lower altitude than CHAMP and GRACE of about 260 km and an orbital inclination of 96.5°. The main 
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payload of GOCE consisted of a GPS receiver and the gravity gradiometer consisting of 6 accelerometers 

mounted on 3 axes in perpendicular directions to measure in-orbit gravity gradient. The gradiometry 

measurements had already improved the determination of the static geoid height with an accuracy of 1 to 2 cm 
at a spatial scale of 100 km.  

Further improvements have been achieved using different satellite configurations as studied by Sharifi 

et al., 2007, Sneeuw et al., 2008; Bender et al., 2008; Wiese et al., 2009; Elsaka, 2010; Anselmi et al., 2011; 

Wiese et al., 2011; Wiese et al., 2012; Elsaka et al., 2012, Elsaka et al., 2014; Daras et al., 2014; Elsaka et al., 

2015; Iran Pour et al., 2015; Flechtner et al. 2016, Pail et al. 2018; Nie et al., 2019 and Elsaka, 2019, Haagmans 

et al., 2020). For instance, Figure 1 shows four proposed future mission scenarios; the Bender-, Cartwheel-, 

Helix- and Pendulum-types, which have inter-satellite link in different flight directions (along-track, cross-track 

and radial). For detailed description, the reader is referred to Elsaka et al., (2014).  

The goal of this work is to model the local quasi-geoid heights from satellite-based observations, in 

particularly, from previous (CHAMP, GRACE and GOCE) and future (Bender, Cartwheel, Helix and 

Pendulum) satellite gravity missions. In this paper, we compute local quasi-geoid heights in a selected area of 

the Egyptian Western Desert bounded between 23N to 27N and from 30E to 32 E as a case study based on 

combined free-air gravity anomalies from satellite and ground-truth observations using the 1D-FFT Estimation 
Technique (Heiskanen and Moritz, 1967). For this purpose, the GRAVSOFT software package (Forsberg and 

Tscherning, 2008) has been used.  In the following, the datasets used in our calculations are briefly described in 

Section II. In Section III, methodology for computing the height anomalies are represented. The results are 

discussed in Section IV. Finally, conclusions are outlined in Section V.  

 

 
Figure 1. Investigated future gravity satellite missions (a) Bender-type, (b) Cartwheel-type, (c) Helix-type and 

(d) Pendulum-type (after Elsaka et al., 2014). 

 

II. Datasets 
The datasets used in this study consist of : (1) The in-situ terrestrial free-air gravity anomalies located in 

the area between 23N to 27N and from 30E to 32E in the Western Deseret of Egypt; (2) The geopotential 
spherical harmonics (SH) up to d/o 120 from all aforementioned (previous and future) satellite gravity missions 

and (3) High-resolution topographic data from the SRTM30_PLUS (Shuttle Radar Topography Mission) digital 

terrain model as given via the website http://topex.ucsd.edu/cgi-bin/get_srtm30.cgi. These datasets are required 

to compute the gravimetric height anomalies through the remove-restore principle (see Hofmann and Moritz, 

2005, p. 379)In the following, the applied datasets within this paper are discussed. 

 

II.1. In-situ Free-air Gravity Data 
Regarding the in-situ free-air gravity data, 154 point gravity stations were available in this study as 

provided by the National Research Institute of Astronomy and Geophysics (NRIAG) (private communication). 
These dataset has been observed using two Lacoste & Romberg gravimeters of models “G” and “D” of 

reliability and accuracy of about 10  and 1 , respectively. The distribution 

of gravity data is so far homogeneous over selective area  in Western Desert of Egypt covering latitude from 

23N to 27N and longitude from 30E to 32E. Figure 2 shows the distribution of available in-situ free-air 
gravity data of the study area over topographic and bathymetric map of Egypt. In addition, rapid static GPS 

observations were accompanied at each of the gravity stations in order to determine its location. The statistical 

properties of the free-air anomalies can be seen in Table 1. 

http://topex.ucsd.edu/cgi-bin/get_srtm30.cgi
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Figure 2. Distribution of available in-situ free-air gravity data of the study area over topographic and 

bathymetric map in [m] as deduced from SRTM30_PLUS data. 

 

Table 1. Statistics of the in-situ free-air gravity anomalies. 

 

 

 

II.2. Geopotential Gravity Models (GGM) 
A large number of satellite-based geopotential gravity models (GGMs) have been developed during the 

last two decades (from the early 2002 till now). They are available via the International Centre for Global Earth 

Model ICGEM website; http://icgem.gfz-potsdam.de/tom_longtime.  In this study, the long wavelength 

spectrum (up to d/o 120) has been truncated from several GGMs based on datasets of the three satellite gravity 

missions; CHAMP, GRACE and GOCE. These models are CHAMP-based ulux_champ2013s, GRACE-based 

ITG-GRACE2010s and GOCE-based GO_CONS_GCF_2_SPW_R5 (SPW5), GO_CONS_GCF_2_DIR_R6 

(DIR6) and GO_CONS_GCF_2_TIM_R6 (TIM6). In addition, the long wavelength spectrum of four simulated 

gravity models of future gravity missions; namely Bender-, Cartwheel-, Helix- and Pendulum-type have been 

taken from Elsaka et al., (2014). 

 

II.3. Topography Data 
The topographic potential effects required for modelling the gravimetric geoid heights have been 

computed based on data of the SRTM30_PLUS (Shuttle Radar Topography Mission of spatial resolution about 

~900 m, 30 arc-sec) given via the website http://topex.ucsd.edu/cgi-bin/get_srtm30.cgi. The topographic heights 

in meters used for our modelling process as deduced from the SRTM30_PLUS data over Egypt as shown in 

Figure 2. 

 

II.4. Combined Data 

Since the in-situ gravity anomalies obtained from terrestrial measurements contain ‘theoretically’ the 

full spectral information of the gravity field, particularly the high- and very-high-frequency ranges, which are 

not included in the GGMs given in Sec. 2.2, so the  spectral consistency should be taken into consideration. This 

is due to the fact that gravity anomalies provided by the GGMs have a finite wavelength range of the gravity 

spectrum. For this reason, we add the contribution of the short and very-short wavelength gravity signals beyond 
the applied maximum degree (i.e. d/o 120) of GGMs using the Eigen-6C4 [26] up to d/o 720. The choice of 

applying d/o 720 is due to the fact that the Eigen-6C4 is based on the reconstruction of the EGM2008 (Pavlis et 

al. 2012),  which takes into account the “fill-in” technique for regions with poor gravity data set coverage, such 

as the Western Desert area of Egypt, where our dataset is located. Because the “fill-in” technique seems to be 

Statistics Min Max Mean st. dev. 

Fa -102.69 96.13 -0.039 24.97 

http://icgem.gfz-potsdam.de/tom_longtime
http://topex.ucsd.edu/cgi-bin/get_srtm30.cgi
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unable to improve the EGM2008 beyond d/o 720 over the study area. So, the GGMs given in Sec. 2.2 have been 

extended based on Eigen-6C4 from 121 up to 720, and hence, applied for our modelling purpose. The omitted 

gravity signal from d/o 721 onward has been then estimated from the topography data (see Sec. 2.3). 
Accordingly, the in-situ free-air anomalies could be then compared with the extended GGMs noting here that 

the differences in all extended geopotential models are only in the long wavelength of gravity spectrum which is 

the main investigation scope of this study. 

 

III. Methodology 
In order to get the residual height anomalies from the terrestrial free air gravity anomalies, the fast Fourier 

transformation (1D-FFT) method has been applied. In this technique, the residual height anomalies  have 

been calculated from the residual gravity anomalies  first by gridding gravity anomalies. 

Correspondingly, the Stokes integral with 1D-FFT technique has been applied as (Heiskanen and Moritz, 1967) 

as: 

  (1) 

Where and  and  stand for the one-dimensional Fourier transform and its inverse, respectively. 

Accordingly, the Wong Gore modification (Wong and Gore, 1969) has been applied, where the lowest 

harmonics are set to zero up to maximum degree (N) as: 

    (2) 

with 

      (3) 

Where Smod and S are the modified and original Stokes’ kernel functions, respectively. So, the residual height 

anomalies  have been calculated from residual gravity anomalies similar to Saadon et al., (2021) who used 

the 1D-FFT method (Equation 1) applying the SP1D program (Forsberg and Tscherning, 2008). 

 

IV. Results 
Nine gravimetric quasigeoid models are determined from the investigated satellite-based models of 

CHAMP-based ulux_champ2013s, GRACE-based ITG-GRACE2010s, GOCE-based DIR_R6, TIM_R6 and 
SPW_R5, Bender-type, Cartwheel-type, Helix-type and Pendulum-type. As mentioned in Sec. 2.4., these 

models have been modified using the Eigen-6C4 in order to compare their gravity anomalies with the 

corresponding terrestrial gravity anomalies as follows: 

                                       (4) 

The remove-restore procedure, as one of most commonly applied methods in physical geodesy, has been 

applied. At first step, the remove step, the long and short wavelength spectra of the gravity signal as determined 

in Equation (4) was removed from the in-situ free-air gravity anomalies ( ). In addition, the gravity effect 

due to the topographic attraction, representing the very-short wavelength component, has been evaluated with 

the residual terrain model (RTM) reduction ( ) from the raw gravity anomalies ( ) to compute finally 

the resulting residual anomalies ( ) as: 

                                         (5) 

The FFT process (Equation 1) has been applied to compute the residual height anomalies ( ). This step is 

done applying the SP1D module of GRAVSOFT software package (Forsberg and Tscherning, 2008) similar to 
the calculations done by Saadon et al. (2021). In the restore step, the long as well as short wavelength spectra in 

terms of height anomalies is added to the residual height anomalies to estimate the gravimetric quasigeoid 

heights as 

                                           (6) 

Table 2 shows the statistics of the first part of Equation (5) representing the difference of gravity anomalies after 

the removal of the long and short wavelength spectra. It shows clearly that when removing the long and short 

wavelength components (  from the free-air gravity anomalies ( ), substantial smoothing is 

provided as given by the reduction of standard deviations (st. dev.) especially those provided by the future 

satellite missions of about 24.37 mGal.  
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Table 2. Statistics of gravity anomalies [mGal] after the removal of the long and short wavelength gravity 

spectra (i.e.   ) 

GGM Min Max Mean st. dev. 

Ulux_champ2013s -128.694 62.440 -4.8452 25.57334 

ITSG_GRACE2018s -120.400 57.600 -4.5152 24.39963 

DIR6 -120.401 57.612 -4.5198 24.39994 

SPW5 -120.379 57.589 -4.4836 24.39988 

TIM6 -120.449 57.582 -4.5060 24.40358 

Bender-type -120.178 57.938 -4.6208 24.37726 

Cartwheel-type -120.186 57.930 -4.6248 24.37792 

Helix-type -120.181 57.936 -4.6173 24.37760 

Pendulum-type -120.184 57.943 -4.6251 24.37773 

 

After the removal of the very-short wavelength components due to local topography, slight reduction in terms of 

standard deviations (st. dev.) reached to about 0.18 mgal of the residual gravity ( ) were obtained as given 

in Table 3. These slight refinements might be due to the flatness of the study area of the Western Desert, where 

the topography is very smooth. This can be seen in Figure 3, which shows the obtained residual gravity 

anomalies represented by Equation (5). 

Table 3. Statistics of residual gravity anomalies [mGal] after the removal of the very-short wavelength gravity 

spectrum (i.e.  ) 

GGM Min Max Mean st. dev. 

Ulux_champ2013s -128.018 63.432 -5.3167 25.40913 

ITSG_GRACE2018s -119.724 58.592 -4.9866 24.22175 

DIR6 -119.725 58.603 -4.9912 24.22204 

SPW5 -119.703 58.581 -4.9550 24.22158 

TIM6 -119.773 58.574 -4.9775 24.22551 

Bender-type -119.503 58.930 -5.0923 24.19785 

Cartwheel-type -119.510 58.921 -5.0962 24.19857 

Helix-type -119.505 58.927 -5.0888 24.19824 

Pendulum-type -119.508 58.935 -5.0965 24.19836 

 

To apply the 1D-FFT technique applying the SP1D-program, the residual free-air gravity anomalies 

(Equation 5) are interpolated on a grid of 0.25 x 0.25 resolution. The gridded residual free-air gravity 
anomalies over the selected zone of the Western Desert of Egypt have been converted to the residual geoid 

heights ( ) applying the wong-gore modification of stokes' integral from zero up to maximum spherical 

harmonics degree, which was 120 in our study. The results are given in Table 4 in terms of standard deviations 

of the residuals of gravimetric quasi-geoid heights. It should be noted here that we represent only the residuals 

indicated by the first term in the right hand side of Equation (6) in order to see the discrepancies between the 

solutions without the effect of the long (represented by the Eigen-6C4) as well as the very-short (RTM) gravity 

signals. The results are seen spatially in Figure 4.  

Regarding the previous gravity missions, the CHAMP-based model (ulux_champ2013s) approximates 

the quasi-geoid over the Western Desert in worse manner providing st. dev. of about 36.51 cm w.r.t. the 

GRACE solution (ITSG-GRACE2018s) which provides st. dev. of about 32.62 cm and GOCE solutions (DIR6, 

SPW5 and TIM6), which provide st. dev. between 32.62 cm and 32.64 cm. Regarding the proposed four future 

satellite missions, one can clearly see that their residual estimates of quasi-geoid heights surpass the other 

estimates provided by the past gravity missions providing the st. dev. of about 32.57 cm. In particular, the 
Bender-type provides the most promising solution and shows superiority in modelling the local gravimetric 

quasi-geoid heights over the study area. In fact, this is expected since the observations of Bender-type mission 

configuration carry additional cross-track information besides the along-track one. To sum up, modelling of 

local gravimetric quasi-geoid heights needs more concern not only by considering the improvement of the short 

wavelengths but also by involving the most promising long wavelength into the modelling process that can be 

acquired from the launch of future gravity missions. 

 

Table 4. Statistics of residual geoid heights anomaly  (m) 

GGM Min Max Mean st. dev. 

Ulux_champ2013s -1.055 0.877 0.05799 0.36512 

ITSG_GRACE2018s -0.937 0.815 0.04970 0.32622 
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DIR6 -0.938 0.816 0.04958 0.32623 

SPW5 -0.939 0.814 0.04991 0.32639 

TIM6 -0.939 0.814 0.04980 0.32643 

Bender -type -0.942 0.823 0.04841 0.32571 

Cartwheel-type -0.942 0.823 0.04837 0.32573 

Helix-type -0.942 0.823 0.04848 0.32572 

Pendulum -type -0.942 0.823 0.04844 0.32573 



Determination of Local Quasi-Geoid Models using FFT Estimation Technique based on .. 

DOI: 10.9790/0990-1001031524                               www.iosrjournals.org                                               21 | Page 

 
Figure 3. Residual free-air gravity anomalies ( ) in [mGal] after the removal of the long, short and very-

short wavelength gravity spectrum as represented by Equation (5). 
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Figure 4. Residual height anomalies ( ) in [m]. 
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V. Conclusions 
In this paper, numerous gravimetric quasi-geoid models for a selected zone of the Western Deseret of 

Egypt between 23N to 27N and from 30E to 32E have been estimated based on combined free-air anomalies 
from satellite-based of the previous and future gravity missions and ground based data using the fast Fourier 

transformation (1D-FFT) method. Regarding the satellite-based datasets, the free-air anomalies were derived 

from the long-wavelength of the gravity spectrum form the geopotential models of CHAMP-based 

ulux_champ2013s, GRACE-based ITG-GRACE2010s and GOCE-based GO_CONS_GCF_2_SPW_R5 

(SPW5), GO_CONS_GCF_2_DIR_R6 (DIR6) and GO_CONS_GCF_2_TIM_R6 (TIM6). In addition, the free-

air anomalies were derived from the long-wavelength of the gravity spectrum form future gravity missions; 

namely Bender-type, Cartwheel, Helix and Pendulum. For holding spectral consistency between the terrestrial- 

and satellite-based gravity anomalies, we have added the contribution of the short and very-short wavelength 

gravity signals beyond the applied maximum degree of GGMs (i.e. up to d/o 120) using the Eigen-6C4 (from 

d/o 121 – 720) and the remaining topography (RTM), respectively.  Correspondingly, the residual free-air 

gravity anomalies interpolated on a grid of 0.25 x 0.25 resolution over the study are of the Western Desert of 

Egypt have been converted to the residual geoid heights applying the wong-gore modification of stokes' integral 
within the fast Fourier transformation (1D-FFT) process. 

We can conclude that the long wavelength spectrum derived from geopotential models of future gravity 

missions, particularly the Bender-type; show a superiority in modelling the local geoid heights over selected 

region providing the least standard deviations in terms of residual gravimetric quasi-geoid heights of about 

32.571 cm. The past gravity missions (CHAMP, GRACE and GOCE) provide relatively higher st. dev. of 

residual gravimetric quasi-geoid heights of about 36.51 cm for CHAMP, 32.62 for GRACE and between 32.62 

to 32.64 for the GOCE geopotential models. 
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